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1. SIMPLE SINGULARITIES
simple singularity ( ) SU(2) \Gamma $\mathbb{C}^{2}/\Gamma$
$\mathbb{C}^{3}$ minimal resolution exceptional set
Dynkin ( ADE )
( ) Brieskorn[Br], Slodowy[Sl] Dynkin
simple Lie algebra nilpotent variety $\mathbb{C}^{2}/\Gamma$
semi-universal deformation simultaneous
resolution Lie
simple singularity . simple Lie algebra McKay [Mc]
Q $\rho 0,$ $\rho 1$ , . .. , $\rho_{n}$ $\Gamma$ isomorphism classes
$\beta 0$ } trivial representation inclusion F C $SU(2)$
2 $\rho Q$ $(n+1)\cross(n+1)$ A $=(aij)$
$\rho_{i}\otimes\rho_{Q}=\bigoplus_{j}\rho_{j}^{\oplus a_{ij}}$
McKay $2I-A$ extended Cartan
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matrix Dynkin
$\rho 0$ Cartan matrix
$X$ simple singularity deformation resolution
nonsingular Kronheimer
$X$ “ ”
Theorem 1.1 [Kr]. $X$ order 4 $ALE$ hyper-Kahler metric
Riemannian manifold $(M, g)$ hyper-
K\"ahler almost complex structure $I,$ $J,$ $K$ .
$IJ=-JI=K$ $g$ Levi-Civita (i.e. $\nabla I=$
$\nabla J=\nabla K=0)$ $hyper- K\ddot{a}hler$ Riemannian metric
$hyper- K\ddot{a}hler$ metric $I$ K\"ahler
$J$ $K$ K\"ahler form \omega J+i\omega K nowhere
vanishing closed 2 holomorphic symplectic form
$X$ $I$ } hyper-
K\"ahler
4 Riemannian manifold $(X, g)$ ALE of order $\tau$
$K\subset X$ $\Gamma\subset SO(4)$ $X\backslash K$ diffeomorphism (a
coordinate system at infinity) $\mathfrak{X}:X\backslash Karrow(\mathbb{R}^{4}\backslash \overline{BR})/\Gamma$ $g$
$1\wedge\partial\cdot\cdot\partial(g_{ij}(x)-\delta_{ij})|lt.imes=O(|x|^{-l-\tau})$
2. GAUGE THEORY ON ALE SPACES




ALE $hyper- K\ddot{a}hler$ metric $g$ $X\backslash Karrow$
I$(\mathbb{R}^{4}\backslash \overline{B_{R}})/\Gamma$ $\rho:\Gammaarrow U(r)$ $\Gamma$
$(\mathbb{R}^{4}\backslash \overline{BR})/\Gamma$ rank $r$ vector bundle $(\mathbb{R}^{4}\backslash \overline{BR})\cross\Gamma \mathbb{C}^{r}$ flat connection
$X$ hermitian vector bundle $E$ $E|X\backslash K$
$(\mathbb{R}^{4}\backslash \overline{B_{R}})\cross r^{\mathbb{C}^{r}}$ cover bundle isomophism
$E$ connection $A0$ $X\backslash K$
$(\mathbb{R}^{4}\backslash \overline{B_{R}})\cross r^{\mathbb{C}^{r}}$ flat connection
instanton number $k$
$k= \frac{1}{8\pi^{2}}\int_{X}tr(R_{A_{0}}\wedge R_{A_{0}})$
$-$ $A0$ $A0$ $A_{0}’$ in-
stanton number
$\mathcal{A}$ $E$ connections $A$
I times
$(2.1)$ $|\nabla A_{0A_{O}}\nabla(A\sim-Ao)|=O(r^{-3-l})$ ,
$r$ $X$ $\mathcal{G}0$ gauge $s$
$l$ times
(2.2) $|\overline{\nabla A_{O}\nabla A_{O}}(S-id)|=O(r^{-2-l})$ .
$\mathcal{A}$ anti-self-dual connection
framed moduli space
$\mathfrak{M}(c_{1}, k, \rho)=\mathfrak{M}^{def}=\{A\in A|*R_{A}=-R_{A}\}/\mathcal{G}0$
$C1$ $E$ first Chern class \S 5 data $C1$ ,
$k,$ $\rho$ fix notation
ALE [Nal]
framed moduli space gauge equivalence
class $[A]$ C\infty -manifold
$0=L^{2}-Kerd_{A}^{*}:\Omega^{+}$ (Endskew $E$ ) $arrow\Omega^{1}$ (Endskew $E$ ),
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Endskew $E$ $E$ skew-adjoint endomorphism vector bundle
Weyl tensor anti-self-duality scalar curvature vanishing Bochner-
Weitzenbock formula ASD connection
(see [Nal, 5.1]). framed moduli
space smooth manifold
(see [Nal, 2.7]). $[A]$ tangent space
$L^{2}-Ker(d_{A}^{+}\oplus d_{A}^{*}):\Omega^{1}$ (Endskew $E$ ) $arrow\Omega^{+}$ (Endskew $E$ ) $\oplus\Omega^{0}$ (Endskew $E$ )
$L^{2_{-}}$ Riemannian metric
base space $X$ $hyper- K\ddot{a}hler$ $I,$ $J$ and $K$ cotangent bundle $T^{*}X$
endomorphism induce $L^{2}-Ker(d_{A}^{+}\oplus d_{A}^{*})$
framed moduli space 3 almost complex structure $I_{9}n,$ $Jm$ ,
$K9\mathfrak{n}$ quaternion relation $L^{2}$ -
Levi-Civita connection [Nal, 2.6]
Theorem 2.3. $ALE$ space (X, $g$ ) $\lrcorner=\sigma$) $ASD$ connection $\sigma\supset framed$ moduli space SEJt
$\}$ $hyper- K\ddot{a}hler$ manifold
framed moduli space ALE space
$\hat{X}=X\cup\{\infty\}$ ASD connection framed moduli space
ALE condition $\hat{X}$ orbifold $X$
metric $g$ orbifold (See [Kr2,
p.686].) ASD connection $\hat{X}$
orbifold vector bundle $\hat{E}$ $\infty$
er $\hat{E}$ $\rho$ r-
Proposition 2.4. fram$ed$ moduli space $\hat{E}$ $ASD$ connection
framed moduli $space$ isomorphism class (
)
( $\hat{E}\lrcorner:$ $ASDcon$nection $A,$ $\Gamma- eq$uivariant is$om$orpllism $\varphi:\hat{E}_{\infty}arrow \mathbb{C}^{r}$ ).
1$L^{2}$ - framed moduli space $[Ai]$
Uhlenbeck compactness theorem orbifold $\hat{X}$
$[Aj]$
(1) $S=\{x1, \ldots, x_{n}\}\subset\hat{X}$ $A_{j}$ gauge transformation
ASD connection $A_{\infty}$
(2) $ak(k=1, \ldots , n)$ curvature densities I $R_{A_{j}}|^{2}dV$ }
$|R_{A_{\infty}}|^{2}dV+ \sum_{k}a_{k}\delta_{x_{k}}$ .
measure
$ak$ } $Xk$ bubbling out ASD connection curvature
integral $Xk$ $\hat{X}$ ( $Xk\in X$ )
$ak$
$8\pi^{2}$ $xk=\infty$ $ak$ $8\pi^{2}/\#r$
$\neq\Gamma$ $\Gamma$ order [$KN,$ $9.2$ and Remark
following 9.2]
Proposition 2.5. framed moduli space $L^{2}$ -
$[A_{i}]$ $S$ $\emptyset$ $S=\{\infty\}$
ALE space
first Chern class $C1$ instanton number $k$ $\rho$
- [KN].
ASD connection framed moduli space holomorphic
vector bundle framed moduli space compact
K\"ahler manifold Hitchin-Kobayashi correspondence
( $[Ko,$ $L\ddot{u}$ , Do, $UY]$ ) compact holomorphic
vector bundle stable
Bando simple
Theorem 2.6 [Ba]. vector bundle $E$ $conn$ection $A$ (2.1) assymptotic
behaviour $\overline{\partial}_{A}\overline{\partial}A=0$ $E$ her-
mitian metric bundle isomorpllism $s$ $(2.2)$
$A$ $s$ $ASD$ connection
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connection $A$ (2.1) $\overline{\partial}_{A}\overline{\partial}A=0$ $0$
hermitian metric bundle isomorphism (2.2)
$\mathcal{G}_{0}^{C}$ ASD connection $A$ $\overline{\partial}_{A}\overline{\partial}A=0$
$\mathfrak{M}arrow \mathfrak{H}01/\mathcal{G}_{0}^{C}$ compact K\"ahler manifold




(3.1) base space $X$ $\mathbb{C}^{2}/\Gamma$ minimal resolution of singularity
(3.2) framed moduli space L2- complete
Theorem 3.3. framed moduli space $S^{1}$ -action
(3.4) $Im$ holomorphic $YL^{2}$ -
(3.5) holomorphic symplectic form $\omega c$ } } weight 1 $t\in S^{1}$
$t$ diffeomorphism $t$
$t^{*}\omega c=t\omega c$
(3.6) moment map Jlonnega$ti\iota^{\gamma}e$ proper
(3.7) $S^{1}$ -action } holomorphic $\mathbb{C}^{*}$ -action
2 introduction ADHM description [KN]
(3.1) base space $X$ $(3.4)-(3.6)$
vector bundle $E$ lift
connection framed moduli space
$S^{1}$ -action (34), $(3.5)$ tangent space $d_{AA}^{+}\oplus d^{*}$
kernel base space
I(3.6) Uhlenbeck compactness theorem
(See [Na4, 4.5].) (3.7) $\mathbb{C}^{*}$ -action Theorem 2.7
$S^{1}$ -action framed moduli space homology Morse theory
$f$ moment map $gradf$ $S^{1}$ -action
generating vector field $f$ critical points } $S^{1}$ -action fixed
points $x$ gradient flow $\mathbb{C}^{*}$ -action $trightarrow e^{-t}.x$
(3.6) gradient flow
$S_{1}$ , . . . , $\mathfrak{F}_{N}$ fixed point set connected component
$f$ index $d(n)$ Frankel
[Fr], Bialynicki-Birula[BB], Carrell-Sommese [CS], Atiyah [A], Kirwan [Ki]
$d(n)$ $f$ perfect Morse function
$H_{i}( \mathfrak{M};\mathbb{Z})=\bigoplus_{n=1}^{N}H_{i-d(n)}(S_{n};\mathbb{Z})$
[Na4] ADHM description homology Kirwan
[Ki] $-$ [Na3] base space An-
function $f$ perturb index critical point





Morse function $f$ gradient flow fixed point
$-f$ gradient flow C’-action $t\mapsto e^{t}.x$
$L^{def}=$ { $x \in \mathfrak{M}|\lim_{tarrow\infty}e^{t}.x$ }
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$L= \bigcup_{n}L_{n}$ $\sim nC^{1}$ closure } $\sim\sigma$ irreducible component
Theorem 4.1. $\sim^{1}$( ( } singul$ar$ ) holomophic symplectic structure $\omega c$ ’
$L$agran$gi$an subvarJety homotopy
[Na2] simple
Proof. tangent space isotropic $x$ $\sim r$ tangent
vectors $v,$ $w$ $L$ (3.5)
$\omega_{C}(t_{*}v, t_{*}w)=t\omega_{\mathbb{C}}(v, w)$ for $t\in \mathbb{C}^{*}$




$\mathcal{L}$ $\sim\sigma\backslash$ $S^{1}$ -action
fixed point tangent space $x$ fixed
point tangent space $T_{x}\mathfrak{M}$ } $S^{1}$ -module weight $i$ weight
space symplectic form $\Omega c$ (3.5)
$\dim V_{i}=\dim V_{1-i}$
$\sum_{i\leq 0}\dim V_{i}=\sum_{i>0}\dim V_{i}=\frac{1}{2}\sum_{i}\dim V_{i}$





Lagrangian subvariety $L$ resolution $\pi:Xarrow \mathbb{C}^{2}/\Gamma$ exceptional set
$\pi^{-1}(0)$
Theorem 4.2. $0$ cone affine algebraic variety $\mathfrak{M}0$
proper holomorphic map $\Pi;\mathfrak{M}arrow \mathfrak{U}t0$
(4.3) $\Pi$ $\mathfrak{M}0$ resolution of singularities
(4.4) $L=\Pi^{-1}(0)$
$\mathfrak{M}0$ $\mathbb{C}^{2}/\Gamma$ ASD connection framed moduli space
$L^{2}$ -metric $\Pi$ ADHM description
Theorem 2.7
$X$ holomorphic vector bundle framed moduli space holomoprhic
vector bundle \pi : $Xarrow \mathbb{C}^{2}/\Gamma$ $\mathbb{C}^{2}/\Gamma$ “Push down”
5. REPRESENTATIONS OF SIMPLE LIE ALGEBRAS
(3.1) (3.2)




(5.2) index theorem $C1,$ $k,$ $\rho$
ASD connection $A$ framed moduli space
(5.1),(5.2) (3.1) [KN, 92
and Remark following 9.2]
(5.1),(5.2) vector bundle framed
moduli space simple Lie algebra
\S 1 McKay correspondence $\Gamma$ nontrivial irreducible representaion $\rho i$
simple Lie algebra simple root
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(5.1) $\rho$ dominant weight $\rho=\oplus_{=1}^{\dot{n}}\rho_{i}^{\oplus w_{i}}$
$w$ vector
$w={}^{t}(w_{1}, \ldots, w_{n})\in \mathbb{Z}^{n}\geq 0$
$\Gamma$ dominant weight
\S 1 resolution exceptional set Dynkin exceptional
set irreducible component simple root irreducible
components $\Sigma_{1}$ , . . . , $\Sigma_{n}$ base space homology group $H_{2}(X;\mathbb{Z})$ basis
$u={}^{t}(c_{1}(E)[\Sigma_{1}], \ldots, c_{1}(E)[\Sigma_{n}])\in \mathbb{Z}^{n}$
vector weight lattice
(5.2) instanton number $k$ $c_{1}(E)$ $\rho$
framed moduli space (u, w)
(5.2) $c_{1}(E),$ $\rho$ $k$
$M(v, w)$ Theorem 2.7 holormorphic vector
bundle framed moduli space parabolic holomorphic vector
bundle framed moduli space $\mathfrak{P}i(u, w)$ data $u,$ $w$
hermitian vector bundle $E$ connection $A$ $\overline{\partial}_{A}\overline{\partial}_{A}=0$
$E$ $\Sigma_{i}$ subbundle $S$
(1) $S$ holomorphic structure $\overline{\partial}_{A}$ $E|\Sigma i$ holomorphic subbundle
$S$ section $s$ $\overline{\partial}_{A^{S}}$ $S$ section
(2) quotient bundle $(E|\Sigma i)/S$ $\Sigma_{i}$ degree $-1$ line bundle
pair complex gauge group $\mathcal{G}_{0}^{\mathbb{C}}$ action $\mathfrak{P}i(u, w)$
subbundle $S$ $P2:\mathfrak{P}i(u, w)arrow M(u, w)I$
$E$ holomorphic vector bundle
$\mathcal{E}$ $\Sigma_{i}$ degree $-1$ line bundle $\Sigma_{i}$ $0$
$\mathcal{O}_{\Sigma_{i}}(-1)$ $\mathcal{E}$ $\Sigma_{i}$ | $(E|\Sigma i)/S$
exact sequence
$\mathcal{E}arrow o_{\Sigma_{i}}(-1)arrow 0$
kernel holomorphic vector bundle $\mathcal{E}’$ $\mathcal{E}$ $\mathcal{E}’$ } $\Sigma_{i}$
framing
$p1:\mathfrak{P}i(u, w)arrow \mathfrak{M}(u+Ce^{i}, w)$ $e^{i}$ $i$ 1 $0$
vector $C$ Cartan matrix
$\mathfrak{M}(u+Ce^{i}, w)arrow^{p_{1}}\mathfrak{P}_{i}(u, w)arrow^{p_{2}}\mathfrak{M}(u, w)$





$L(v, w)$ constructible function $C(u, w)$ $w$ $x$
$u$ $C=\oplus_{u}C(u, w)$
operators
$H_{k}:C(u, w).)arrow C(u, w)$ ; $H_{k}f=u_{k}f$
$E_{k}:C(u, w)arrow C$($u+Ce$“, w); $E_{k}f=(p_{1})_{!}(p_{2}^{*}f)$
$F_{k}:C(u+Ce^{i}, w)arrow C(u, w))$ ; $F_{k}g=(p_{2})_{!}(p_{1}^{*}g)$ ,
operator Hecke geometric analogue
Theorem 5.4. $H_{k},$ $Ek,$ $F_{k}$ $C$ operator
$H_{k}H_{l}=H_{l}H_{k}$ ,
$H_{k}E_{l}-E_{l}H_{k}=c_{kl}E_{1}$ , $H_{k}fi-fiH_{k}=-c_{kl}fi$ ,
$E_{k}F_{l}-F_{l}E_{k}=\delta_{kl}H_{k}$ ,
$\sum_{p=0}^{1-c_{kl}}(-1)^{p(\begin{array}{ll}l- c_{kl}p \end{array})E_{k}^{p}E_{l}E_{k}^{1-c_{kl}-p}=0}$ $(k\neq l)$ ,
$\sum_{p=0}^{1-c_{k1}}(-1)^{p}(\begin{array}{ll}1- c_{kl}p \end{array})F_{k}^{p}F_{l}F_{k}^{1-c_{kl}-p}=0$ $(k\neq l)$ .
$ckt$ Cartan matrix $C$ $\cdot\supset$ $C$ $\Gamma$ simple
Lie algebra
ADHM description $p_{1},$ $p2$ fiber
1U9
Lemma 5.5. $u$ $w$ framed modu$li$ space $M(w, w)$
ADHM description framed moduli
space $0$
$M(w, w)$ 1 $x$ $x$
$C$ $L$ $L\cap C(u, w)$
$L(u, w)$
Theorem 5.6. $L$ $\Gamma$ simple Lie algebra highest weight $w$
$L(u, w)$ weight $u$ weight space
$F_{k}^{w_{k}+1}(1\leq k\leq n)$ left ideal $x$
framed moduli space topology
$L(u, w)$ irreducible component $Y$ $L(u, w)$ con-
structible function $Y$ open dense subset
$L(u, w)$ linear functional $\sim^{1}\{(u, w)$ irreducible
components degree $H_{middle}(M(u, w);\mathbb{Q})$ basis
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